n> -0
s l
. X n=* -;%:z%
e d« .
o -/i‘ -dp;r" —e VT €
T X
47
u X l (
= olu _
= x| ‘Jcﬁ wdx TS WEE S Re=
b :
| A { 1
= 'xze%l X x
a —2|2e | ~|ed
3 ( | N Ja
= r 4\
e, e |, e
Qa
= : A m N
E-ae -?/éfzae Qﬁ‘l‘g
- 2 a ]
- L’G fm—é e +e
T(fr‘ 0.64
| v/
2 A
j 22y = L Coap)E v e
aA—) -9
A o ,0‘1+20l_1 + e
< /
—= ‘M ,_q'
> —09 c
LHSFH 6 s
= Lim o ¢
a =7 -t
L["G?ﬂ‘ﬂ\ i’ > T__/a
= A‘”’ - 1= te @'4 i
a>- —eta - b
= O ¥ &
- e



Chapter 10: Definite Integrals 21

+oo dz
Example 5.2. Compute / .
o (x4+1)(3z+2)
Solution.
1 | 3 1
(x+1)Bx+2) |3z+2 Jpw+1
Hence A
¢ dx : b
=[ln|3z+2| —In|z + 1]
/0 (x4+1)Bx+2) | | | | o
3b+2
=In[3b+2—Inlb+ 1| —In|2| :ln| +2| —1In2.
|b+ 1]
Because
\3b+2[ o Bb2x
im
b—+oo |b+ 1] i e b+ 1| x %
342
lim u,bi 3
b—+o0 ‘1 +3l 1
Therefore ,
lim / dr =In3—1n2.
b—+oo Jo (4 1)(3z +2)
[ |
Exercise 5.1. Let p > 1. Prove that
1 .
oo q —, if p>1, convergent
1T +oo, if 0<p<1, divergent.

Remark. From the above exercise,

T—+00

+oo
1. lim f(z)=0 = / x) dzx is convergent.

1
2. Forallp > 0, — > = 0 as © — +o0. However, only for p > 1, g decays fast enough to
X

too 1
guarantee the total area / - dz is finite.
1 €T

——m—

Remark. All the integration techniques can be applied, e.g. integration by substitution,...
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1
Example 5.3. Compute / ze® dz. (integration by parts)

—00

Solution.
1 1
/ ze®dr = lim ze® dx.

—00 a——0o0 a

/xewdm—/xd(ex) —xex—/e”dx— (x —1)e" + C.

a—r—0o0 a

1
/ ze®dr = lim (z—1)e”|!

—00

= lim (1 —-a)e* o0-0 indeterminate form

a—r—0o0
. l—a oo
= lim —
a——o00 e~ ¢ 00
= lim L’Hopital’s rule
a——00 —€
= 0.

1
Exercise 5.2. / 22etdr = e

—0o0

22
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“+o00

Example 5.4. Compute / T 4 (integration by substitution)
oo (I42%)?

Solution. Using the substitution v = 1 + 2%, we have

5 -1
~dr)= —— + C.
/(1+m‘)‘ R

Thus

/+OO T 1

———dx = =
0 (1 + .%'2)2 2
and o
x 1
———dx = ——.

l[m(r+ﬂﬁ T

Hence

feo feo g 0 z 1 1
Trapdr= | g L dr=-+(-5) =0
[armpt= [ armpt [arep ot ()

Fact: If 0 < f(z) < g(=) on the interval of integration (a, b) (allowing a,b to be +oc), then

b= 96)
b b
o If / g(z)dz converges, then / f(x)dx converges. 'ﬂ:%

/ A L X&\//

b b
o If / f(z)dz diverges, then / g(m)dx diverges.

n>? X
o0 N o ~
Example 5.5. Determine whether / x"e” *dr is convergent. X<« € WLU’ X 1<
et KA "
K € Af J re .
Jg b ‘o \lwl’j

_ o :
.b_g/ e N‘ "5 (,(/WU‘:((/M/T
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Definition 5.2 (Improper integrals of Type 2). The improper integrals defined in Definition
5.1 has infinite intervals of integration, but the values of the integrand are finite on the
intervals of the integration. We also generalize definite integrals where the integrand may
go to oo over the interval of integration.

Suppose that f(z) is continuous on (a, b), but lim,_,,— f(z) = £oo. Then we define:

/ f(z = lim f(x)dx
c—=b~ Jq ¢
Similarly, if lim,_,,+ f(z) =
b
/ f(x)dx = hm f (z)dx
C—)(l
Example 5.6. —dx -

S dusfud e e >
/ et Lavirgor] iboe PLI

1
3. (mixed type) / isdx
o0 T
_—





